Collatz Space and 4N+1 Series Space
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1. Introduction
When Collatz problem” is true, his rule arranges all odd numbers in a space. This space

rerates to 4N+1 series showed from the 2" infinite series (Table 1).

Table 1. 4N+1 series and all odd numbers.
“AI! AZJ AS; A4, AS, ot * W An_l, An: 4*An_1+1, . +» B

(1)4.5, 21, 85, 341, 1565, GED * T A= 4uclp 1,
x=2 0 1 2 0 (mod 3)
3, 13, b3, 213, BHY, S o » S . A= 467+,
x=0 W i 2 0 1 (mod 3)
s 29, W7, 469, 1877, G + g, A 1A = 4xTA 451,
x=1 2 0 1 2 (mod 3)
9. 37, 149, b97, ZEr L W . AE A+,
gt @) 2 0 1 (mod 3)
11, 45, 181, 725, 29015 e s e Phgi PA= AkBA o5F],
x=2 B 1 P 0 (mod 3)
15, 61, 245, 981, 3926, o * " o+, A 104, = k1P, G,
x=0 1 2 0 1 (mod 3)
¥, 69, 271 ,gua 809 4437, » T+ RA. | B = ANOR 1,
=2 1 2 0 (mod 3)
19, 77, 309, 1237, 4949, -+ ¢ ¢ | L/ W) WK = 408 4],
=1 2 0 1 2 (mod 3)
23, 93, 373, 1493, a3, | v, W Hie= WA +]1,
XSHR) 1 2 0 (mod 3)

All odd numbers can be arranged, using all 4N+1 series, in which
Ist terms are 1, 3, 8u-1, 8Su+l and S8u+3 (u; natural numbers).
2nd, 3rd, 4th .. .. terms in these series are always 8utb.

In this report, we discuss the space arranging these 4N+1 series.



Each 4N+1 series stands in line “0, 1, 2, 0, 1, 2, 0, 1, 2, «+ « « « « (mod 3)” . Each triplet
“8u-1, 8u+l and 8u+3” is “0, 1, 2 (mod 3)” . We can operate the unit of { Ap, Ap+1, Ap+2 }
(p; natural number) in each series. In this report, we named each series the value of
a term x 20 (mod 3) in { A, A, A; } .

Then, Collatz foresees “B, = 1 at formula (1)” .

(3%Bn+1)/2™ = Bn Formula (1).
B ; Every odd number, m, n ; Natural number.
The 2" series is standardized at 3 by this formula. We get formula (2), which is equivalent

to formula (1).

Bh= (2"%Bn-1 —1)/3 Bn-1 5 x21or 2 (mod 3) Formula (2).

When Bn-1 = 1, we get main series(2l-series) using 2" series (m; even number).

b; 21, 85, 341, 1365, o o e o EAL BN = AHFIN 4] e e e e e
x=2 0 1 2 0 (mod 3)

7 A2 =217 is the billboard in { *'A;, *'A;, #'A; } . *A, and #A; in { #'A;, A A3 } can

be grafted by Formula (2).

2. Discussion I

We get lst graft series (Figure 1.), grafting on main series.

Figure 1. 1st graft series on { *A;, *A, A; } .
A =5 x22 (mod 3), Bh= (2% 5 -1)/3, (m; odd).

3-sdkies; 2. 019 53, V213, 883, % ..o AR A= ARINEEL]
0,=21 x20 (mod 3), Non—graft.
“10.=85 x=21 (mod 3), Bnh= (2"% 85 -1)/3, (m; even).

453-series; 113, 4563, 1813, - ..., *A ., A= 46 4],

And we get 2nd graft series, grafting on lst Graft series. And then, we get 3rd graft



series, grafting on 2nd Graft series. =« « « « « « ¢« o

..................

Then (n)-th graft series is gotten on (n—1)-th graft series.

We classify graft types into a, b and ¢, according

to its shape. As each non—graft

term is 3%k (k; odd), new graft series are expressed at Table 2.

Table 2. Graft types

a) { %A, A, ¥A; } = {x20, 1, 2 (mod 3)} (p; odd number) Formula(3).

{4x (4%%A, +1)-1}/3
[2% {4% (457, +1) +1} -11/3

Ay = (4%%4,-1)/3
Ay = (2%%A;-1)/3

Where ®A, is the center between *A; and *A..

16 *°PA,/3 +1.
2% (16 *°PA, /3 +1) +1.

b) {34, A, *¥A; } = {x22, 0, 1 (mod 3)} (q; odd number) Formula (4).
Ay = (2%, -1)/3 = {2% (A, -1) /4 -1} /3 = (MA/3-1)/2.
A = (¥ -1)/3 = {4% (4% *A, +1) -1}/3 = 16 **A,/3 +1.

c) {*A, *A, ¥A; } = {x21, 2, 0 (mod 3)} (r; odd number) Formula (5).

[4%{(>A; -1) /4 -1}/4 -11/3
{2%(*A;-1) /4 -1} /3

A = (4%A, 1) /3
A = (2%"A,-1)/3

Where °A; is the center between *A; and *A..
when *A;, %A, 5 x20 (mod 3), we named each series the
when *A;, %A, 5 x21 (mod 3), we named each series the

when *A;, %A, 5 x22 (mod 3), we named each series the

{(*As/3-1)/2-1}/2.
(*rA;/3-1) /2.

value of A;.
value of A;= 4% (4%A, +1)+1.
value of A, = 4%A; +1.

From Table 2, we have a constant stream of new 3*k—series (k; odd). Table 3 expresses

many 3%k-series from lst—graft series to 40™ graft series. These 3%k- series increase

by 2" Therefore, Collatz space continues grafting infinitely for appearing all odd

numbers.



Table 3. Graft stracture of *An = 4%™An-; +1 (n; natural number, k; odd number) series.
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3. Discussion II
We analyze 1st terms of these 4N+1 series grafting in Collatz space. Terms of main series
are always S8ut+b. 8u+3 and 8S8u+l graft on Su+b. 8u-1 graft on 8u+3 (x22 (mod 3)) and are

narrow path. We have examined the order of 8u+5, 8u+3, 8u-1 and 8Su+l (figure 2.).

Figure 2. When new graft series is b—type or c—type, next graft goes on.

8u+b -—

/x“2(mod 3)[x=1(mod 3)
s ><
b c

# 8u-1

b/ Cl
“Each a-type” is the stop term(non—graft).

Where a, b & ¢ of each term expresses x20,2 & 1 (mod 3) as same as Table 2.

2nd, 3nd ---+ terms of new graft series

We have arranged 1st terms of graft series in order of value. Its first page is Figure
3. At the beginning, the right S8u+5; *A,=13 starts, —17—11—7—9(a type) stops. Next,
the left 8u+b; 'A,=29 starts, —19—25—33(a type) Stops. =« « « + + + + + »
Expressing new series, 2nd, 3rd ,4th-. ... terms of new series are stocked to 8utb.
As we have observed till 3As=3413 starts, —2275—3033 (a type) stops, 3~6(including via
8u+l) terms of S8u—-1 appeared sometimes continuously.
Figure 3. shows the important rule on graft path; a (8u+5) starts — some (8u+3, Su-1
or/and 8u+l) — a (a—type) stops. From the existence ratio of each term (Table 4), 8Su+5
(x21 and 2 (mod 3)) is 2/12, and then a—-type (stop term) of 8u+3, 8u-1 and Su+l is 3/12.

Collatz space does not have any part of a—type of 8ut3, 8u-1 and 8Sutl.



But Collatz space puts off these to infinite great and continues grafts. And more large

numbers reach “1” by Formula (1). There is a fact; any part of a—type of 8u+3, 8Su-1

and 8utl does not appear forever in Collatz space.

Figure 3. The graft stracture of 4u+3 and 8u+1.

8u+b 4u+3 w3 8ut+l e 8u+b
2 (mod 3): goto  goto goto  goto 1 {mod 3);
goto 8u+d 4u+3  Butl 8ut+3  Sutl go to Sutl
1 5 05 — 03 0
11 13 2 7 1 AL 90 110
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9 37 149 185 — 123 0 95 -121 2 63 0 97 1211 129 o
1071332, 71 2 103 -131 1 137 2 131 0
43 173 225 - 115 143 1 153 0 -141 0 113 141 2 75 0« 85105 21 5
153 0 119 -150 2 79 1 121 151 1 161 2
49 197 245 - 131 163 2 87 0o 127 -161 1 169 1 161 0
139 173 1 185 2 =171 0 137 1711 2 9 1
55 221 215 — 183 0 143 -181 2 95 2 145 1811 193 1 — 109 135 27
155 193 2z 103 1 151 -191 1 201 o 19.1 0
15 61 245 305 - {163 203 1 217 1 -201 0 161 200 2z 107 2
213 0 167 -211 2 111 0o 169 211 1 225 0
67 269 335 — 179 223 2 119 2 17H-221 1 233 2 221 0 — 133 165 33
187 233 1 249 o -231 0 185 231 z 123 0
73 293 365 — 243 0 191 -240 2z 127 1 193 241 1 257 2
203 253 2 135 0 199 -251 1 265 1 251 0
M 317 %8s - 211 263 1 281 2 -26.1 0 209 261 2 139 1+~ 157 195 39
273 0 215 -2711 2 143 2| 91712111 289 1
21 85 341 @425 — 227 283 2z 151 1 223 -281 1 297 o 281 0
235 203 1 313 1 -29.1 0 233 201 z 155 2
91 365 455 — 303 0 239 -30.1 2 159 0 241 301 1 321 0 = 181 225 45 11
251 313 2 167 2 247 -311 1 329 2 311 0
97 389 45 - 259 323 1 345 0 -321 0 257 321 2z 1M 0
333 0 263 -331 2 175 1 265 38311 353 2
103 413 515 - 275 343 2 183 0 271 -341 1 361 1 341 0 «— 205 255 51
283 353 1 377 2 -351 0 281 351 2 187 1
27 108 437 545 — 363 0 287 -361 2 191 2 289 361 1 385 1
299 373 z 199 1 295 -3711 1 393 0 371 0
115 461 515 - 307 383 1 409 1 -381 0 305 381 2z 203 2« 229 285 57
393 0 311 -390 2 207 0 313 39011 417 0
121 485 605 — 323 403 2 215 2 319 -401 1 425 2 401 0
331 #2131 441 0 -411 0 329 411 2z 219 0
127 509 635 — 423 0 335 -421 2z 223 1 337 4211 449 2 — 253 315 63
347 433 2 231 0 343 -431 1 457 1 431 0



Table 4. The existence ratio of each term.

T | 8w 8ut3 8u-1 8u+l

Terms: x20 (mod 3) 1/12 1/12 1/12 12
Terms: x22 (mod 3) 1412 /12 1412 1/12
Terms: x21 (mod 3) 1/18 1/12 1/12 1/12
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5. Appendix

* Table 5. We see the projection of 4N+1 series, comparing Step up with First down.




Table 5. We see the projection of 4N+1 series ,comparing Step—up with First—down.

[ step-up 8u+5,3,1,-1] first—down | [ step-up 8usb, 8, -1, +1] first—down
ex. AA 123456789 3rd term  15432098.5 123456789 ex. AAA 123456787 1st term  15432098.3 123456787
(B-1)/4 30864197 2nd term 38580245 (bk3+1)/4 92592592 (b*3+1)/2 185185181 2nd term 231481475 (b*3+1)/2 185185181
(B-1)/4 7716049 1st term  984508.1 b/4 23148148 (B-1)/4 46296295 1st term  -5787037.1 (b*3+1)/2 277777772
(b*3+1)/4 5787037 2nd term 7233795 b/4 5787037 (b*3+1)/2 69444443 1st term 86805553 b/4 69444443
(B-1)/4 1446759 1st term 1808451 (b#3+1)/2 8680556 (b*3+1)/2 104166665 1st term 130208331 (b*3+1)/2 104166665
(b*3+1)/2 2170139 1st term  271267.3 b/4 2170139 (b*3+1)/4 78124999 st term  -9765625.1 (b%3+1)/4 78124999
(b*3+1)/2 3255209 1st term 4089011 (b#3+1)/2 3255209 (b*3+1)/2 117187499 1st tarm 146484373 (b#3+1)/2 117187499
(b*3+1)/4 2441407 1st term  -306176.1 (b*3+1)/4 2441407 (b*3+1)/2 175781249 1st term 219726661 (b*3+1)/2 175781249
(b*3+1)/2 3662111 1st tarm  -457764.1 (b*3+1)/2 3662111 (b*3+1)/4 131835037 1st term 164794921 (b*3+1)/4 131835937
(b*3+1)/2 5493167 1st term  -686646.1 (b*3+1)/2 5493167 (b*3+1)/4 98876953 1st term  12359619.1 (b%3+1)/4 98876953
(b*3+1)/2 8239751 st tarm  -1029969.1 (b*3+1)/2 8239751 (b*3+1)/4 74157715 tst term 92697143 (b%3+1)/4 74157715
(b*3+1)/2 12350627 1st tarm  1544953.3 (b*3+1)/2 12359627 (b*3+1)/2 111236573 2nd term 139045715 (b*3+1)/2 111236573
(b*3+1)/2 18539441 1st tarm  2317430.1 (b%3+1)/2 18539441 (B-1)/4 27809143 tst term  —3476143.1 (b%3+1)/2 166854860
(b*3+1)/4 13904581 2nd term 17380725 (b*3+1)/4 13904581 (b*3+1)/2 41713715 1st term 52142143 b/4 41713715
(B-1)/4 3476145 1st term  434518.1 (b*3+1)/4 10428436 (b*3+1)/2 62570573 2nd term 78213215 (b%3+1)/2 62570573
(b*3+1)/4 2607109 2nd term 3258885 b/4 2607109 (B-1)/4 15642643 1st term 19563303 (b%3+1)/2 93855860
(B-1)/4 651777 1st term 814721 (bk3+1)/4 1955332 (b*3+1)/2 23463965 2nd term 20320955 b/4 23463965
(b*3+1)/4 488833 1st term 611041 b/4 488833 (B-1)/4 5865901 fst term  -733249.1 (b*3+1)/2 35195948
(b*3+1)/4 366625 1st term 45828.1 (bk3+1)/4 366625 (b*3+1)/2 8798987 fst term  1099873.3 b/4 8798987
(b*3+1)/4 274969 1st term 343711 (bk3+1)/4 274969 (b*3+1)/2 13198481 1st term 16498101 (b*3+1)/2 13198481
(b*3+1)/4 206227 1st term 26778.3 (bk3+1)/4 206227 (b*3+1)/4 9898861 2nd term 12373575 (b*3+1)/4 9898861
(b*3+1)/2 309341 2nd term 38667.5 (bk3+1)/2 309341 (B-1)/4 2474715 fst term  308339.3 (b*3+1)/2 14848292
(B-1)/4 77335 1st term -9667.1 (b*3+1)/2 464012 (b*3+1)/2 3712073 fst term  464009.1 b/4 3712073
(b*3+1)/2 116003 1st term 145003 b/4 116003 (b*3+1)/4 2784055 fst term  -348007.1 (b%3+1)/4 2784055
(b*3+1)/2 174005 3rd term 217505 (b*3+1)/2 174005 (b*3+1)/2 4176083 fst term 5220103 (b*3+1)/2 4176083
(B-1)/4 43501 2nd term 54375 (b*3+1)/2 261008 (b*3+1)/2 6264125 2nd term 7830155 (b*3+1)/2 6264125
(B-1)/4 10875 1st term 13593 b/4 65252 (B-1)/4 1566031 1st term  —195764.1 (b*3+1)/2 9396188
(b*3+1)/2 16313 15t term 2039.1 b/4 16313 (b*3+1)/2 2349047 fst term  -293631.1 /4 2349047
(b*3+1)/4 12235 15t term 1520.3 (b*3+1)/4 12235 (b*3+1)/2 3523571 Tst term  440446.3 (b#3+1)/2 3523571
(b*3+1)/2 18353 1st term 2294.1 (b*3+1)/2 18353 (b*3+1)/2 5285357 2nd term  660869.5 (b*3+1)/2 5285357
(b*3+1)/4 13765 2nd term 17205 (b*3+1)/4 13765 (B-1)/4 1321339 1st term 1651673 (b*3+1)/2 7928036
(B-1)/4 3441 1st term 4301 (b*3+1)/4 10324 (b*3+1)/2 1982009 1st term 2477611 b/4 1982009
(b*3+1)/4 2581 3rd term 3225 b/4 2581 (b*3+1)/4 1486507 1st term 1858133 (b*3+1)/4 1486507
(B-1)/4 645 2nd term 805 (b*3+1)/4 1936 (b*3+1)/2 2229761 fst term 2787204 (b%3+1)/2 2229761
(B-1)/4 161 1st term 201 b/4 484 (b*3+1)/4 1672321 1st term 2090401 (b*3+1)/4 1672321
(b*3+1)/4 121 1st term 151 b/4 121 (b*3+1)/4 1254241 1st term 1567801 (b*3+1)/4 1254241
(b*3+1)/4 91 1st term 113 (b*3+1)/4 91 (b*3+1)/4 940681 1st term  117585.1 (b#3+1)/4 940681
(b*3+1)/2 137 1st term 171 (b*3+1)/2 137 (b*3+1)/4 705511 fst term  -B8189.1 (b*3+1)/4 705511
(b*3+1)/4 103 1st term -13.1 (b*3+1)/4 103 (b*3+1)/2 1058267 1st term 1322833 (b*3+1)/2 1058267
(b*3+1)/2 155 1st term 193 (b*3+1)/2 155 (b*3+1)/2 1587401 1st term 1984251 (b*3+1)/2 1587401
(b*3+1)/2 233 1st term 20.1 (b*3+1)/2 233 (b*3+1)/4 1190551 1st term 1488191 (b*3+1)/4 1190551
(b*3+1)/4 175 1st term -22.1 (b*3+1)/4 175 (b*3+1)/2 1785827 1st term 2232283 (b*3+1)/2 1785827
(b*3+1)/2 263 1st term 331 (b*3+1)/2 263 (b*3+1)/2 2678741 4th term 3348425 (b*3+1)/2 2678741
(b*3+1)/2 305 1st term 493 (b*3+1)/2 395 (B-1)/4 669685 ard term 837106 (b*3+1)/2 4018112
(b*3+1)/2 593 1st term 741 (b*3+1)/2 593 (B-1)/4 167421 2nd term 200275 b/4 1004528
(b*3+1)/4 445 2nd term 555 (b*3+1)/4 445 (B-1)/4 41855 1st term -6202.1 b/4 251132
(B-1)/4 111 1st term -14.1 (bk3+1)/2 668 (b*3+1)/2 62783 1st term -78481 b/4 62783
(b*3+1)/2 167 1st term -211 b/4 167 (b*3+1)/2 94175 1st term  -117721 (b*3+1)/2 94175
(b*3+1)/2 251 1st term 313 (b*3+1)/2 251 (b*3+1)/2 141263 fst term  -17858.1 (b*3+1)/2 141263
(b*3+1)/2 377 15t tarm 471 (b*3+1)/2 377 (b*3+1)/2 211895 1st term  -26487.1 (b#3+1)/2 211895
(b*3+1)/4 283 1st term 353 (b*3+1)/4 283 (b*3+1)/2 317843 1st term 30730.3 (b*3+1)/2 317843
(b*3+1)/2 425 1st term 531 (b*3+1)/2 425 (b*3+1)/2 476765 2nd term 59595.5 (b*3+1)/2 476765
(b*3+1)/4 319 1st term -40.1 (b*3+1)/4 319 (B-1)/4 119191 fst term  -14899.1 (b%3+1)/2 715148
(b*3+1)/2 479 1st term -80.1 (b*3+1)/2 479 (b*3+1)/2 178787 1st term 223483 b/4 178787
(b*3+1)/2 719 1st term -90.1 (b*3+1)/2 719 (b*3+1)/2 268181 ard term 336226 (b*3+1)/2 268181
(b*3+1)/2 1079 1st term -135.1 (b*3+1)/2 1079 (B-1)/4 67045 2nd term 83805 (b*3+1)/4 201136
(b*3+1)/2 1619 1st term 2023 (b*3+1)/2 1619 (B-1)/4 16761 1st term 2095.1 b/4 50284
(b*3+1)/2 2429 2nd term 3035 (b*3+1)/2 2429 (b*3+1)/4 12571 1st term 15713 b/4 12571
(B-1)/4 607 1st torm 761 (b*3+1)/2 3644 (b*3+1)/2 18857 1st term 23571 (b#3+1)/2 18857
(b*3+1)/2 911 1st term -114.1 b/4 911 (b*3+1)/4 14143 1st term -1768.1 (b*3+1)/4 14143
(b*3+1)/2 1367 1st term -7 (b%3+1)/2 1367 (b*3+1)/2 21215 1st term -2662.1 (b*3+1)/2 21215
(b*3+1)/2 2051 1st term 2563 (b*3+1)/2 2051 (b*3+1)/2 31823 1st term -3978.1 (b*3+1)/2 31823
(b*3+1)/2 3077 2nd term 3845 (b*3+1)/2 3077 (b*3+1)/2 47735 1st term -6967.1 (b*3+1)/2 47735
(B-1)/4 769 1st term 961 (b*3+1)/4 2308 (b*3+1)/2 71603 1st term 80503 (b*3+1)/2 71603
(b*3+1)/4 577 st term 721 b/4 577 (b*3+1)/2 107405 2nd term 134255 (b*3+1)/2 107405
(b*3+1)/4 433 1st term 541 (b*3+1)/4 433 (B-1)/4 26851 1st term 33563 (b*3+1)/2 161108
(b*3+1)/4 325 2nd term 405 (b*3+1)/4 325 (b*3+1)/2 40277 6th term 50345 b/4 40277
(B-1)/4 81 1st term 101 (b*3+1)/4 244 (B-1)/4 10069 5th term 12685 (b*3+1)/2 60416
(b*3+1)/4 61 2nd term 75 b/4 61 (B-1)/4 2517 4th term 3145 b/4 15104
(B-1)/4 15 1st term -1 (b*3+1)/2 92 (B-1)/4 629 3rd term 785 b/4 3776
(b*3+1)/2 23 15t term -1 b/4 23 (B-1)/4 157 2nd term 195 b/4 944
(b*3+1)/2 35 1st term 43 (b*3+1)/2 35 (B-1)/4 39 1st term =51 b/4 236
(b*3+1)/2 53 3rd term 65 (b*3+1)/2 53 (b*3+1)/2 59 1st term 13 b/4 59
(B-1)/4 13 2nd term 15 (b*3+1)/2 80 (b*3+1)/2 89 fst term 1.1 (b*3+1)/2 89
(B-1)/4 3 1st term 03 b/4 20 (b*3+1)/4 " 67 1st term 83 (bx3+1)/4 " 67
(b*3+1)72 " 5 1st term 05 b/4 5 (b*3+1)/2 101 2nd term 125 (b*3+1)/2 101
(B-1)/4 1 (b*3+1)/4 4 (B-1)/4 25 fst term 31 (b*3+1)/4 76
b/4 1 (b*3+1)/4 19 st term 23 b/4 19
(b*3+1)/2 29 2nd term 35 (b*3+1)/2 29
B-14 " 7 tst term " -1 (b*3+1)/2 44
(b*3+1)/2 11 1st term 13 b/4 f 11
(b*3+1)/2 17 tst term ” 21 (b%3+1)/2 17
(b*3+1)/4 13 2nd term 15 (bx3+1)/4 7 13
(B-1)/4 3 tst term 03 (b*3+1)/2 20
(b*3+1)/2 " 5 fst term 05 b/4 5
(B-1)/4 1 (b*3+1)/4 " 4
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